We explore an extended quantum Rabi model describing the interaction between a two-mode bosonic field and a three-level atom. Quantum phase transitions of this few degree of freedom model is found when the ratio η of the atom energy scale to the bosonic field frequency approaches infinity. An analytical solution is provided when the two lowest-energy levels are degenerate. According to it, we recognize that the phase diagram of the model consists of three regions: one normal phase and two superradiant phases. The quantum phase transitions between the normal phase and the two superradiant phases are of second order relating to the spontaneous breaking of the discrete Z2 symmetry. On the other hand, the quantum phase transition between the two different superradiant phases is discontinuous with a phase boundary line relating to the continuous U (1) symmetry. For a large enough but finite η, the scaling function and critical exponents are derived analytically and verified numerically, from which the universality class of the model is identified. *
I. INTRODUCTION
The quantum Rabi model describes the interaction between a photon field and a two-level system [1, 2] , which is the simplest model for studying the light-matter interaction and plays a significant role in quantum optics [3] , condensed-matter physics [4] , and quantum information [5] . With the rapid experimental progress in accessing the strong [6, 7] , the ultrastrong [8] [9] [10] , and the deep strong coupling regimes [11, 12] , the quantum Rabi model has received much attention since the rotating-wave approximation fails [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . Recently, phase transitions and critical phenomena have been surprisingly found in the quantum Rabi model although only a single atom is involved [32] , which requires the infinite frequency ratio of the atom to the photon rather than the thermodynamic limit required by traditional phase transitions. Further study on the scaling behaviors of the Rabi and the Dicke models has revealed that these two models belong to the same universality class [33] . These progresses bring a new insight for the quantum phase transition without the thermodynamic limit.
In parallel the interaction between a two-mode cavity field and a three-level system leads to many important phenomena, such as electromagnetically induced transparency [34] and dark state [35] , which are profitable in the precise control of coherent population trapping and transfer [36] . The three-level system is also important in quantum information, referred as qutrit. Compared with the two-level scheme, the quantum key distribution based on qutrits is more resistant to attack [37, 38] , and the quantum computation using qutrits shows a faster speed and a lower error rate [39, 40] . A qutrit quantum computer with trapped ions has been proposed [41] . In addition, the three-level system is used to construct a quantum heat engine [42, 43] . To identify the possible quantum phases and quantum phase transitions involved in a two-mode three-level model is helpful in further understanding these light-matter interaction models and extending their applications.
The two-mode three-level interaction model in the thermodynamic limit has received much attention. Hayn et al. studied quantum phase transitions by a generalized Holstein-Primakoff transformation and revealed that it exhibits two superradiant quantum phase transitions, which can be both first and second order [44] . Cordero et al. found that the polychromatic ground-state phase diagram can be divided into monochromatic regions by a variational analysis [45] . Here, we report an analytical calculation of the ground-state phase diagram, scaling function, and critical exponents for the two-mode three-level quantum Rabi model by taking a single Λ-type three-level atom as a prototype. The analytical results arXiv:1910.13043v1 [quant-ph] 29 Oct 2019 are further verified by an exact numerical diagonalization.
The paper is organized as follows. In Sec. II, an effective model is derived when the ratio between the atom frequency and the photon frequency approaches infinity. In Sec. III, a ground-state phase diagram is extracted analytically. In Sec. IV, the mean photon number in the ground state is analytically derived. In Sec. V, the scaling function and critical exponents are analytically derived for finite frequency ratios, and also the numerical diagonalization is used to verify the analytical results. Finally, a brief summary is presented in Sec. VI.
II. MODEL HAMILTONIAN
Our two-mode three-level quantum Rabi model describes the interaction between a two-mode quantized field and a single Λ-type three-level atom, which is given by ( = 1)
andâ 2 ) are the creation and annihilation operators of the photon mode 1 (mode 2), ω 1 (ω 2 ) is the frequency of the photon mode 1 (mode 2), g 1 (g 2 ) is the coupling strength between the transition |1 ↔ |3 (|2 ↔ |3 ) and the photon mode 1 (mode 2). Note that the transition between state |1 and state |2 in the Λ-type configuration is forbidden. For convenience, we define several variables to make the Hamiltonian dimensionless: ∆ = ε 3 − ε 1 , δ = (ε 2 − ε 1 )/∆, α = ω 2 /ω 1 , β = g 2 /g 1 , R = 2g 1 / √ ω 1 ∆. Also, we set ε 1 = 0 and η = ∆/ω 1 , and then the dimensionless Hamiltonian rescaled by ∆ becomeŝ
We rewrite the Hamiltonian in terms of the position and momentum operators (
Further rescaling the position and momentum operators byŷ i = η −1/2x i , the Hamiltonian becomeŝ
Supposing thatp y1 andp y2 are finite, the contributions from the momentum terms disappear in the limit η → ∞, and then the effective Hamiltonian reduces tô
Because of the absence of momentum operators,ŷ 1 and y 2 can be replaced with the eigenvalues y 1 and y 2 in Eq. (4). In consequence, the ground-state phase diagram and the mean photon number are obtained.
III. PHASE DIAGRAM
The analytical diagonalization of the effective Hamiltonian (4) is equivalent to solving a third-order algebraic equation. An explicit form of the ground-state energy can be readily obtained for a special case that the state |1 and the state |2 are degenerate (i.e., δ = 0), ), the ground-state energy E 0 is further determined. The detailed derivation of the ground-state energy is given in Appendix A. The obtained ground-state phase diagram is depicted in Fig. 1 . One can see that the phase diagram shows several distinct regimes.
In the regime of α < β 2 , the critical point of phase transition is
When R is less than or equal to R <,c , y 1 = 0 and y 2 = 0, and the ground state stays in a normal phase with E 0 = 0. When R is larger than R <,c , the normal phase becomes unstable and bifurcates into two degenerate stable solutions
with the ground-state energy
It implies that the ground state enters the so-called superradiant phase. While E 0 and ∂E0 ∂R are continuous,
∂R 2 is discontinuous at R = R c as shown in Fig. 2(a) , which reveals that the phase transition from the normal phase to the superradiant phase is of second order.
In the regime of α > β 2 , the critical point of phase transition is
When R is less than or equal to R >,c , the ground state corresponds to E 0 = 0 with y 1 = 0 and y 2 = 0, which is the normal phase. When R is larger than R >,c , the ground state bifurcates into two degenerate stable solutions
The ground-state energy is a constant in this case, independent of α and β. Likewise, the normal-superradiant quantum phase transition is also a second-order phase transition. When α = β 2 , both y 1 and y 2 are nonzero in the ground state when R exceeds the critical point R =,c = 1, which satisfy the relation:
The ground-state energy is accordingly given by
This quantum phase transition still has the second-order nature. However, across the boundary line (α = β 2 ) between the two superradiant phases, the model undergoes
the second-order derivative of the groundstate energy with respect to the coupling strength R. It reflects a second-order normal-superradiant phase transition at the critical points. (b) ∂E 0 ∂γ , the first-order derivative of the ground-state energy with respect to the parameter ratio γ = α/β 2 , reflecting a first-order transition between the two superradiant phases of α < β 2 and α > β 2 .
a first-order quantum phase transition because the firstorder partial derivative ∂E0 ∂γ (γ = α/β 2 ) is discontinuous, as shown in Fig. 2(b) . Here, the two-mode three-level quantum Rabi model presents two kinds of typical spontaneous symmetry breaking, which are separately characterized by the order parameters y 1 and y 2 . One can see that the normal phase possesses a discrete Z 2 symmetry, but the ground-state energy functionals either E(y 2 ) or E(y 1 ) shows a double-well structure when the coupling strength exceeds the critical points, which implies a breaking of the Z 2 symmetry. In the case of α = β 2 , the ground-state energy functional E(y 1 , y 2 ) presents a continuous U (1) symmetry. When the coupling strength is above the critical point, both y 1 and y 2 become nonzero, which reflects a breaking of the continuous symmetry. The U (1) symmetry was also found in the two-level system [46] , in which the light-atom interaction, however, requires the consideration of both the electric and the magnetic components for the electromagnetic field. Such continuous symmetry breaking is related to the Nambu-Goldstone mode [47] .
IV. MEAN PHOTON NUMBER
The photon number is a common observable in experiments and usually used to characterize the states of the light-matter interaction systems. In the Dicke quantum phase transition experiments, an abrupt increase of the mean intracavity photon number marks the onset of the normal-superradiant phase transition [48, 49] . To calculate the mean photon number of the ground state, we rewrite the Hamiltonian in Eq. (4) as (with δ = 0),
When α < β 2 , the lowest eigenvalue ofM is 1− β 2 R 2 α for y 1 = 0 and y 2,± = ± β 4 R 4 −α 2 2α 2 β 2 R 2 , and the corresponding eigenstate (normalized) is
Thus the ground-state wavefunction ofĤ eff can be expressed as
Based on the wavefunction ψ 2 , the mean photon numbers of the two modes above the critical point are
and
When α > β 2 , the lowest eigenvalue ofM is 1 − R 2 for y 1,± = ± R 4 −1 2R 2 and y 2 = 0, and the corresponding eigenstate (normalized) is
Hence, the ground-state wavefunction ofĤ eff can be expressed as
Then, the mean photon numbers of the two modes above the critical point are
and In the normal phase below the critical points, the mean photon numbers of both modes are zero. Above the critical points, as for α/β 2 < 1, the superradiant phase of R > α/β 2 is characterized by the mode-2 mean photon number of â † 2â 2 /η (namely, y2-type); As for α/β 2 > 1, the superradiant phase of R > 1 is characterized by the mode-1 mean photon number of â † 1â 1 /η (y1-type). (β = 1.2).
We choose â † 2â 2 /η and â † 1â 1 /η as the order parameters for α < β 2 and α > β 2 , respectively. Figure 3 presents the mean photon numbers of the two photon modes. One can see that the photon field is a vacuum in the normal phase and simultaneously the atom is at |2 for α < β 2 and |1 for α > β 2 inferring from Eqs. (16) and (20) . Above the critical points, both the photon field and the atom are excited and the so-called superradiant phase transition takes place. In each regime of α < β 2 and α > β 2 , there is only one coupling involved. More precisely, only the coupling between the photon mode 2 and the transition |2 ↔ |3 contributes to the ground state when α < β 2 , whereas only the coupling between the photon mode 1 and the transition |1 ↔ |3 contributes to the ground state when α > β 2 . Actually, the two-mode three-level quantum Rabi model degenerates into the quantum Rabi model in these two parameter regimes. In each parameter regime, there exists a dark state, which is state |1 for α < β 2 and |2 for α > β 2 , as seen in Eqs. (16) and (20) . The dark state was also studied in a semi-classical two-mode three-level quantum Rabi model [50] .
The critical exponent can be obtained by the deformation of the mean photon number with the reduced coupling strength r = (R − R c )/R c ,
They indicate that the critical exponent of the mean photon numbers is 1, which is the same as the quantum Rabi model [33, 51] . It suggests that the present model belongs to the same universality class with the quantum Rabi model.
V. SCALING BEHAVIOR
The finite-size scaling behavior of continuous phase transitions is important near the critical point (the size here is characterized by the frequency ratio η). We derive the scaling function and critical exponents of this model. For finite η, after diagonalizing the atomic part, the Hamiltonian in Eq. (3) becomes (δ = 0)
In the case of α < β 2 , the wavefunction near the critical point R <,c is very localized around y 2 = 0 when η is very large. Thus, the Hamiltonian might be approximated by a second-order expansion in the vicinity of
Definingŷ 2 = η −1/3ẑ 2 and r = η −2/3 r , the Hamiltonian can be rewritten aŝ
In this respect there exists a rescaled ground-state wavefunction φ(ẑ 2 , r ), which is independent of η. Based on this wavefunction, the mean photon number is
In the case of α > β 2 , the wavefunction near R >,c is also very localized around y 1 = 0 for a very large η. Likewise, we expand the Hamiltonian to the second order in the vicinity of y 1 = 0,
Analogously definingŷ 1 = η −1/3ẑ 1 and r = η −2/3 r , we haveĤ
In this case, the mean photon number is
The detailed derivation of the Hamiltonian from Eq. (26) to Eqs. (27) and (30) is given in Appendix B. Based on the above analytical derivation, the scaling function for the mean photon number of the two-mode three-level quantum Rabi model is obtained as follows,
where N (η, r) is the photon numbers of â † 1â 1 /η and â † 2â 2 /η. According to the standard finite-size scaling law [52] , the divergent correlation length at critical points enables the scaling behavior of a physical quantity P at different finite η:
where κ is the critical exponent of P (P ∝ r κ ), ν is the critical exponent of the correlation length (ξ ∝ r −ν ). Comparing Eq. (33) with Eq. (34), we infer that κ and ν of the mean photon number for the two-mode threelevel quantum Rabi model are 1 and 3/2, respectively. The finite-size critical scaling exponent κ of the mean photon numbers is the same as that obtained from the limit η → ∞, as is concluded from Eqs. (24) and (25) .
To check our analytical prediction, we numerically diagonalize the two-mode three-level quantum Rabi model. We calculate the mean photon numbers of the two photon modes in the case of δ = 0. To determine critical points and critical exponents numerically, we take the logarithm of Eq. (34) as ln P (η, r) = (−κ/ν) ln η + ln f (η 1/ν r).
At the critical point r = 0, ln P (η, r) and ln η are linearly related as ln P (η, 0) = (−κ/ν) ln η + ln f (0).
The scaling parameter κ/ν can be determined by a linear fitting. The remaining parameter ν can be obtained by a collapse of the data points with different η values onto a single scaled curve. Figures 4(a) and 5(a) show the logarithm of the mean photon number as a function of the logarithm of η for the two regimes of α < β 2 and α > β 2 , respectively. The red-square line represents the linear behavior and the determined critical points are R <,c = 0.7454 and R >,c = 1.0000, which confirm the analytical critical points of R <,c = α/β 2 and R >,c = 1, respectively. The fitted values of κ/ν are 0.624 and 0.616, and ν is correspondingly obtained to be 1.582 and 1.592, which reproduce the analytical values κ/ν = 2/3 and ν = 3/2. One can see from Figs. 4(b) and 5(b) that the mean photon numbers for different η collapse onto a well-defined single curve. It indicates that the analytical solution reveals the correct ground-state phase diagram of the twomode three-level quantum Rabi model and captures its scaling invariance near the critical points.
VI. CONCLUSIONS
Based on the analytical solution and the numerical diagonalization, we attain the ground-state phase diagram, scaling function, and critical exponents of the twomode three-level quantum Rabi model. The phase diagram is divided into the three regions of one normal phase and two superradiant phases. The phase transitions could take place by adjusting the frequency ratio of the two photon modes and the relative strength of the two photon-atom couplings. The normal-superradiant quantum phase transitions are found to be second order and related to the spontaneous breaking of Z 2 symmetry. In addition, the model undergoes a first-order phase transition across the boundary line between the two superradiant phases, where a spontaneous continuous U (1) symmetry breaking is discovered. Different from the traditional phase transitions in the thermodynamic limit, here the quantum phase transition is realized alternatively when the frequency ratio η of the atomic transition and the photon field approaches infinity. The finite-η scaling function is derived and the obtained critical exponent of the mean photon number is the same as that determined in the limit η → ∞. Based on this, the universality class of this model is identified. This work is helpful in further understanding the quantum phase transitions and exploring some potential applications for such single-atom systems. The present results are obtained from the degenerate case for two lowest states, the general case of the two-mode three-level quantum Rabi To determine the ground-state energy of Eq. (5), we calculate its first derivative with respect to y 1 and y 2 , and let both them equal zero
The solutions have four cases: Case 1:
the corresponding ground-state energy E = 0. Case 2: (A6) hence,
It exists only when R 1, and the corresponding energy E = − 1 4 ( 1 R 2 + R 2 ) + 1 2 0. We let its first-order derivative dE(S) dS = 0, then
It indicates a continuous set of y 1 and y 2 with the degenerate energy of E = − 1 4 ( 1 R 2 + R 2 ) + 1 2 0, which exists also when R 1
To summarize, we get the ground-state energies as follows,
They are verified by the positive second-order derivatives of ∂ 2 E(y1,y2) ∂y 2 1 > 0 and ∂ 2 E(y1,y2) ∂y 2 2 > 0 at the corresponding y 1 and y 2 .
